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ABSTRACT 
In recent years, the algebraic and combinatorial properties of inclusion ma- 
trices of t-subsets versus k-subsets of a v-set X have been the focus of attention 
by some authors. We first make a comparative study of the known bases for the 
Z-modules generated by trades (the elements of the null space of these matrices), 
and then, by utilizing these bases, we note that a large family of new bases tan 
be produced. 
1. INTRODUCTION 
Throughout, t, k, and v will denote positive integers such that 0 < t < 
k 5 v -t, X will be the v-set, (1,. . . , v}, and Pi(X) will denote the set of 
i-subsets of X. Let Pt’ be the (0,l) inclusion matrix whose (t) rows and 
( l) columns are indexed by the elements of A E P,(X), and B E Pk (X) , 
respectively, where the entry PL(A, B) of row A and column B is defined 
Eh? follows: 
PZdA,B) = 
1, A 5 B, 
o 
otherwise. 
Let J be the all 1’s (i)-vector, and let X be a positive integer. We will 
employ the following notions: 
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(1) any integral Solution F of P$F = X J is called a t-(v, k, X) signed 
design, 
(2) any nonnegative integral Solution F of P& F = X J is called a t-(v, k, X) 
design, and 
(3) any integral Solution T of PST = 0 is called a t-(v, k) trude. 
These inclusion matrices (i.e., PG’s) have very interesting combinatorial 
and algebraic properties and play a very important role both in design 
theory and in extremal-set theory. These properties have been studied by 
many aut hors in recent years [l-8]. 
The aim of this article is to make a comparative study of all the bases 
for the Z-modules generated by trades available in the literature [l, 2, 6, 
71. In particular, we will discuss the properties of special bases with some 
“minimal properties” called “triangular bases.” These kinds of bases have 
already been used to construct an infinite family of 2-designs [6], and also, 
in [4], an algorithm is given to construct t-(v, k, X) signed design for any 
given V, k, t, and X (where X satisfies some necessary conditions). In gen- 
eral the differente of any two t-(TJ, k, X) designs is a t-(v, k) trade. Now the 
Problem is to find an appropriate basis for trades such that any such trade 
tan be expressed as (0,l) linear combinations of the basis elements algo- 
rithmically. We believe that this algebraic outlook is extremely important 
and deserves more attention in regard to the existente Problem in design 
t heory. 
2. MORE NOTATION AND PRELIMINARIES 
First, we give a combinatorial definition for trades. 
DEFINITION 1. A t-(v, k) trade T of volume s consists of two disjoint 
collections T+ and T- each of s elements of Pk(X) (called blocks), not 
necessarily distinct, such that for every element of P,(X), the number of 
blocks containing this element is the same in both Tf and T-. 
To show the equivalence of algebraic and combinatorial definitions of 
trade, we label the elements of Pk(X) (called blocks) from 1 to (i), and we 
associate with each block its multiplicity. Therefore, with T+ and T- we 
associate two integral vectors with nonnegative components of size (k), 
called TI and Tz, Clearly, P$Tl = P$T2. Hence T = TI - TZ is a 
trade. 
A t-(v, k) trade is also an i-(w, k) trade for 0 5 i 5 t. Therefore, in a 
trade T, both T+ and T- must cover the same subset of X, i.e. lJ{B E 
T+} = U{B E T-}. This subset is called the foundation of the trade T 
and denoted by found(T). 
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DEFINITION 2. We cal1 a t-(v, Ic) trade T a basic trade if the volume 
of T is 2t, and we cal1 a t-(w, Ic) basic trade a t-(v, Ic) minimal trade if 
]found(T)] = k + t + 1. 
The notion of minimality stems from the fact that 2t and k + t + 1 are 
the minimum values of the volume of T and ]found(T)], respectively [5]. 
Every t-(v, k) minimal trade tan be cast in the following form: 
T* = (al - bl).+ . (at+1 - h+1)ct+2. . . Ckr 
where ai, bi, cj E Pr(X), 1 5 i 5 t + 1, t + 2 5 j < k, are distinct, and the 
multiplication among them is to be interpreted as Union among sets [5]. 
We will cal1 Ct+2Ct+3.. . Ck the tail of T* and the bi’s the filling ele- 
ments of T* (or sometimes, if there is no confusion, the filling elements of 
B E %(X), B = or”.et+rct+s” . Ck). The set of filling elements of T* is 
denoted by fill(T*) (fill(B)). Note that found(T*) = {ar,. . . , at+l; bl,. . . , 
h+1; Ct+2,. . . ,ck}. The set X \ found(T*) will be denoted by {Zk+t+2, 
. . . > GJ). 
EXAMPLE. 
T* = (1 - 7)(2 - 6)(3 - 5)4 
is a 2-(8, 4) minimal trade, where 
T*+ = { 1234,1456,2457,3467}, 
T*- = {1245,1346,2347,4567}. 
The set of all t-(v, k) trades forms a free Z-module, denoted by N,U, 
and has dimension (i) - (t ). Naturally, one of the Steps in comprehending 
this module is to find a basis for it. 
DEFINITION 3. We Order the elements of pk(X) lexicographically, and 
then we label them from 1 to (k). Now, in this ordering the label of the 
first nonzero component of the vector representation of a trade T* is called 
the starting index. An ordered set of trades V = {T;, . . . , TL} with the 
corresponding starting indices ir, i2, . . . , ih is said to be in semitriangdar 
ferm if ii < i2 < . .. < ih. The block corresponding to the starting index 
of T* is called the starting block of T*. 
Finally, if the starting blocks of the trades in V are grouped together 
lexicographically and appear before the nonstarting blocks in our ordering, 
then V is said to be in hangdar ferm. 
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Basically three different kinds of bases composed of minimal trades 
appear in the literatme, namely those of Graham, Li, and Li (GLL) [2], 
Khosrovshahi and Ajoodani-Namini (KA) [6], and Frank1 [l]. In what 
follows, we first show that the GLL bssis is in general not triangular. KA 
and Frank1 bases, except in special cases, are nonisomorphic. And finally, by 
combining variations of these bases we produce a large family of triangular 
bases made up of minimal trades. 
3. GLL BASIS 
Let S, be the symmetric group on X, and let T* be a t-(v, k) minimal 
trade. For LT E S,, let 
Q*) = [&) - 4h>][4a2> - 4bz)l. . . 
x [Q(Q+1) - 4t+1)]4Ct+2) * ’ ‘&). 
In [2], the following theorem due to Graver and Jurkat [3] is given: 
THEOREM 1 [2]. Let T* denote a t-(v,k) minimal trude. The set S = 
{o(T*) 1 D E S,} is a set of generators for N&. This set is void if v = k+t. 
By introducing five kinds of dependencies in S and by removing them, 
it is shown that there exists a basis S’ c S for trades. Historically, this is 
the first basis reported in the literature. S* contains exactly the t-(v, k) 
minimal trades with the following properties: 
(a) al < a2 < ... < at+1 
(b) bi < b2 < . . . < bt+1 
(c) &<bi, 1<i<t+1 
(d) et+1 < ct+2 < ... < c/c 
(e) at+1 < a+t+2 < . . e < xv 
(f) cj < bt+1 + cj < x/c+t+2, t + 2 5 j I k. 
From properties (a), (c), and (d), it follows clearly that B = al . . . at+1 
Ct+2.. ’ ck is the starting block of these trades. 
LEMMA 1. The block 12. . . k appears (&f) times in 5”. 
PROOF. The filling elements bl, . . . , bt+1 of T* E S’ are the ordered 
elements of {k + 1, . . . , v}. Clearly, we have ( g4:) choices which satisfy the 
properties (a)-(f). ??
NOTE. Ifv = k + t + 1, then any block is the starting block of at most 
one element of S”. 
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THEOREME. 
(i) Ij v = k -t t + 1, then an ordering oj the elements oj S” is in semitri- 
angular form. 
(ii) ’ If v > k + t + 1, then in the Eexicographical erdering, no arrangement 
oj the elements oj S* is in semitriangular ferm. 
PROOF. (i): From the above note, it follows that every element of S* 
has a distinct starting block. Therefore, by ordering the starting indices of 
the trades, we obtain a basis in semitriangular form. 
(ii): The block 12. . . k appears in the basis (y;f) times as starting 
block, and 
v>k+t+l =+ 
Therefore, S* cannot be in semitriangular form. See Tables 1 and 2. ??
4. KA BASIS 
In [6], the following lemma was first given: 
LEMMA [6]. The block B = al . . . at+lct+2 e e 9 ck in which al < . . . < 
at+1 < ct+2 < . . + < ck is the starting block oj a t-(v, k) minimal trade 28 
(i) aisv-k-t+2i-2, lLilt+l, 
(ii) cj 5 v - k + j, t + 2 5 j 5 k. 
Then, it is shown that the number of blocks of this kind in ph(x) is 
exactly 
C)-(i). 
Consequently, by essociating a t-(v, k) minimal trade to every such block, 
a semitriangular basis is constructed. The method of constructing these 
t-(v, k) minimal trades is as follows: Choose bt+1 from the following set: 
Bi+, = { 1 + at+l, . . . , v} - B. 
Then by induction, the bi’s are Chosen from 
Bi = {l+a,,.. .,v} - (Bu{bi+~,...,bt+~)), 1<i<t. 
Examples of KA bases are given in Tables 3 and 4. In Table 3, we have 
bi = maxB:, 1<i<t+1, 
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TABLE 1 
GLL BASIS: 21 = 6, k = 3, t = 2 
1 2 3 
1 2 4 
1 2 5 
1 3 4 
1 3 5 
1 2 6 
1 3 6 
1 4 5 
1 4 6 
1 5 6 
2 3 4 
2 3 5 
2 3 6 
2 4 5 
2 4 6 
2 5 6 
3 4 5 
3 4 6 
3 5 6 
4 5 6 
+ 
+ 
+ 
- + 
- - - 
- - 
+ + 
+ + + 
- - - 
- - 
+ + + + 
+ + 
+ - 
- 
+ + + 
- 
Note: ‘+’ Stands for +l, ‘-’ for -1, and 
blank entries represent 0. 
and in Table 4, 
Note that 
bi = min Bi, 1ii<t+1. 
bi = maxB,’ + bl < bz < ..’ < bt+l. 
This Shows that for Y = k + t + 1, this basis is identical 
basis. For Y > k + t + 1, contrary to the GLL basis, the 
semitriangular form. 
with the GLL 
KA basis is in 
5. FRANKL BASIS 
Almost exactly around the time that the KA basis appeared in print, P. 
Frank1 published a Paper [l] which contained, among other things, a basis 
for trades named by him the universal bah. 
In this construction, first a waR, w(B) E 2 x 2, from the origin to 
(w - k, k) by Steps of length one, is associated to every B E F’k (X). The i- 
th step is to the right if i $ B, or up if i E B. The rankof B, r(B), is defined 
to be the smallest integer such that w(B) touches the line y = 3: + k - T. 
ON THE BASES FOR TRADES 737 
TABLE 2 
GLL BASIS: 2, = 7, k = 3, t = 2 
1 2 3 + + + + 
1 2 4 + f + 
1 2 5 + + 
1 2 6 - _ 
1 3 4 + + + 
1 3 5 - - + + 
1 3 6 - - - - 
1 4 5 - - - - - - - - 
1 4 6 - + - + 
2 3 4 - - - - - - 
2 3 5 - - _ 
2 3 6 + + + + 
2 4 5 + + + + 
2 4 6 + + - 
127 --- -- - 
1 3 7 - 
1 4 7 + + 
1 5 6 + + + 
1 5 7 + + + 
1 6 7 + + + + 
2 3 7 + + + + + + 
2 4 7 + + - 
2 5 6 - 
2 5 7 + - 
2 6 7 _ 
3 4 5 + + + + + + 
3 4 6 + + - 
3 4 7 _ 
3 5 6 + - 
3 5 7 
3 6 7 - 
4 5 6 - 
457 - 
4 6 7 - 
5 6 7 - 
Note: ‘+’ Stands for +l, ‘-’ for -1, and blank entries represent 0. 
LEMMA 1 [l]. For a given r (0 5 r 5 lc), Eet f?, = {B E Pk(X) 1 
r(B) = r}; then 
l%l= (;) - (r:l). 
Now, we proceed to construct the elements of the Frank1 basis. Let 
B = ii... 
B = {jr,. 
ik such that ir > i2 > .. . > ik and r(B) = r. We define 
. . jr} such that 
jl = max Jl, Jl = (1,. . . ,ii) - CB u Ch,,, . . . ,.C)>, 1 =r,...,l. 
738 G. B. KHOSROVSHAHI AND CH. MAYSOORI 
TABLE 3 
KA BASIS (MAX CASE): v = 8,k = 4,t = 2 
1234+ 
1235 + 
1236 + 
1237 + 
1245 + 
1246, + 
- 
- 
.- 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
+ 
- + 
+ 
- - - + 
+ 
+ 
+ 
- -- + 
- - + 
+ . 
+ 
+ 
+ 
+ 
+ 
- - + 
+ 
- - + 
- + 
- - - + 
-- + 
- -- + 
+ _ - - 
- - ----- 
- - ---- 
Table 3. (Contd.) 
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Table 3. (Contd.) 
---- -- 
++ ++ ++ 
++ ++++ +++++++ ++ +++ 
-- ---- 
-- _ -_ - 
-- - 
--- 
++++++++++ + + +++ ++ + 
++ +++ + 
4578 -- -- -- 
4678- -- -- - --- 
5678 ------ --- _- - ---- 
Note: ‘+’ Stands for +l, ‘-’ for -1, and blank entries represent 0. 
REMARK. In defining j,, it is not necessary to take the maximum 
element of J[. Any element of 51 will do the job. 
LEMMA 2 [l]. For k 5 v/2, B is weil defzned. 
Now, we consider the reverse lexicographical ordering on Pk(X) defined 
as follows: For every BI, B2 E Pk(X), 
BI < Bz H max(B1 - Bz) < max(B2 - BI), 
To every block B E Pk(X), B = iii2.. . ikr we associate the minimal trade 
TG = (il - ‘ji) . . . (ir - j,,)i,.+l . . . ik. 
THEOREM 1 [l]. The set 
it3 = {T; ) B E Pk(X), r(B) = t + 1,. . . > k} 
is a basis for NFk. 
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TABLE 4 
KA BASIS (MIN. CASE): v = 8,k = 4,t =2 
11234/+ 
1235 + 
1236 + 
1237 + 
1245-- + 
1246 - + 
1247 - + 
1256 -- + 
1257 - + 
1345 - + 
1346- - + 
1347 _ + 
1356 -- ++ - -- t 
+ - 
-- 
++ 
- 
- + 
+ 
-+ 
-+ 
+ 
- 
- 
-+- 
-- 
f 
- 
+ 
+ 
+ 
-+ 
+ 
- - + 
+ 
+ 
- + 
_ -- 
-+- - 
+- 
- 
+ - 
_ 
- 
+ _ 
- 
--++ 
- 
++ - 
+ - 
++ 
- + 
-+ + 
- 
t 
t 
+ 
+ 
+ 
+ 
-- + 
- + 
- + 
-- + 
- + 
- + 
- - + 
- + 
++ -- 
Table 4. (Contd.) 
--++ ++-- - + ++ - -- ++ - -- + 
+-+ -+- + + - - + - - 
-- 
++ -- 
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. I 
Table 4. (Contd.) 
+++ 
++ -- 
+++ --- + +++ 
+ -+ 
++-- 
--- 
+- + 
+++--- 
--++ ++- 
+++ --- 
Note: ‘+’ Stands for +l, ‘-’ for -1, and blank entries represent 0. 
Here, we note that the block B = iiis . . . ik is the greatest block in Tt;. 
If we ordered the elements of Pk(X) in reverse Order (i.e., from greatest to 
smallest), then B would be the starting block of T;I. In our language this 
means the following. 
THEOREM 2. t3 (the Frank1 basis) is in semitriangular ferm. An ex- 
ample of Frank1 basis is given in Table 5. 
We close this section with a lemma which is going to be useful in the 
next section. 
LEMMA 3. Let B = iliz..’ ik be the starting block of a minimal trade 
T’. Then 
(fill(T*)l 5 r(B). 
PROOF. Suppose that we tan find jr,. . , jr+i E X such that 
5 = max&, 4 = (1,. . . ,G} - (B u {j,+~, . . . ,jrfl}), 
l=rfl,...,l. 
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TABLE 5 
FRANKL BASIS: 2) = 8, k = 4,t= 2 
+- -+ 
+- -+ 
+ 
- -+ 
+ - -+ 
+ 
-+ - + 
+ --+ 
- + + --+- -+ 
f+ - - + 
+- -+ + - - + 
- + 
+- + 
- ++ - + 
+ - -- + 
+-++- -+- -+ 
+ 
+- + 
+- i- 
+ + 
+ - -- + 
+-++- - + 
+ +- - + 
- + - -- + 
+-- + - - + 
- + - - + 
+- -+ - - + 
++ -- + - - + 
-++- - + ++ - -- ++ - -- + 
13572468+-+-+-++--+--++-+ -+- + + - - + - - - 
12781278 + -- 
1268 1378 - + ++ -- 
12581474 + - ++ -- 
Table 5. (Contd.) 
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I 3-(8,4) minimal trades 
ible 5. (Contd.) 
+- - 
--++ 
+++ 
++ -- 
++ -- ++ ++ -- 
+ +++ 
+ -+ + + - 
++-- -- ++ 
--- +++ 
- 
+ 
+ ++ - 
+- + + - 
-- -- ++ 
+ 
_- ++ - -+ + 
++ --++ ++-- 
+++ --- 
+ 
+ + 
+ ++-- 
+++--- 
---- 
2-(8,4) minimal trades 
Note: ‘+’ Stands for +l, ‘-’ for -1, and blank entries represent 0. 
To establish the Statement of the lemma, we show that the line y = s+ 
k -T does not tauch W(B), contradicting the definition of r(B). To do this, 
suppose that after ii Steps we resch the Point (Q, yi), where yl = k - Z + 1 
andconsequentlyil =zl+k-1+1. Sinceir >max{il+i,...,ik;jl,..., 
j,+i},wehavezl+k-Z+l>k+r-21+2;henceyl<zl+k-r. 0 
6. THE STANDARD BASIS 
Let 
j$f= 2 
[ 1 
be a matrix representation of a triangular basis of minimal trades, where 
M1 is a 
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invertible lower triangular matrix. M is columnwise equivalent to 
The columns of A? form a basis for JV$. We cal1 this basis the Standard basis 
for trades. The elements of this basis are not necessarily minimal trades. 
This basis possesses many interesting properties, which are studied in [7]. 
In Table 6, an example is given. 
7. ISOMORPHISM AMONG BASES 
Let s1 < SZ < ... < s, be an ordering of X. This ordering induces a 
lexicographical ordering on Pk (X). F or o E S,, the new ordering i over X 
such that cr(si) + LT(SZ) i -. . + o(s,) will be called the conjugate ordering 
of < by o. Clearly, + also induces a lexicographical ordering on Pk(X). 
This ordering is also conjugate to the previous ordering on Pk(X). 
DEFINITION 1. The trades Tr and Tz, are said to be isomorphic if 
there exist two conjugate orderings with respect to a u E S, such that the 
vector representations of Tl and Tz under the induced orderings of < by 4 
on Ph(X) are the Same. 
DEFINITION 2. Two bases for trades are said to be 2somo7phic if there 
exist two conjugate orderings with respect to (T E S, such that the matrix 
representations of the bases w;th respect to induced orderings are the Same. 
THEOREM. For k = t + 1, the Frank1 basis is isomorphic to the KA 
basis. 
PROOF. Consider the two orderings 1 < 2 < . . . < v and v i v - 
1 i *.. i 1 over X. These two orderings are conjugate with respect to 
a(i) = v-i, i E X. 
The Frank1 basis is the set 23 = Bk = {Ti 1 B E Pk(X), r(B) = t + 1 = 
k}, where Ti = (il - ~‘1). . * (it+1 - jt+i)it+z . . . ik and ii + i2 i . . . + ik. 
This ordering on X induces a lexicographical ordering on Ph(X) as follows: 
and 
Now, it is clear that by applying u to D, one obtains the KA basis. 0 
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TABLE 6 
(1234 1 
THE STANDARD BASIS: i) = 8, k = 4, t = 2 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
-1-1-1-1-1 
-1-1-1-1-1-l -1-1-1-l 
Table 6. (Contd.) 
1 
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Table 6. (Contd.) 
-1-1-1 -1-1-1 -1 -1 -1-1-1-1-1 
-1 -1 -1 -1 -1 
-1 -1 -1 -1 . 
11 1 111 11 1 
121 11 1 1 111 1 1 1 
-1-1-1 -1 -1-1-1 
21111111111 111 11 1 
11 1 11 1 11 111 1 11 11 1 1 
Note: Blank entries represent 0’s. 
Notwithstanding the above isomorphism, we would like to clarify the 
real differente between the KA and Frank1 bases. In the KA basis, with 
every starting block we associate a t-(v, Ic) minimal trade. But in the Frank1 
basis, we first partition the starting blocks into k - t classes, where the 
blocks of each class are of rank T, t + 1 2 r 5 k. Then to every block B 
with r(B) = T, we attach a (r-1)-(w, k) minimal trade. This means that the 
Frank1 basis is composed of minimal trades of volumes 2t, . . . ,2”-‘. This 
is the real differente between KA and Frank1 bases when k > t + 1. For 
w = 8, k = 4, t = 2, this differente has been illustrated in Tables 4 and 5. 
We Order the blocks of every class lexicographically among themselves. This. 
puts the basis in triangular form. What makes this possible is the following 
proposition. But before that we need a lemma. 
LEMMA. Suppose B = iliz. . . ik is a block with r(B) = r and il < 
i2 < * * * < ik. Then we haue the following: 
(i) i;fjl,j2,..., j,. are such that jl > il for 1 = 1,2,. . . , T, then by onlering 
the jl ‘s so that j,, < j,, < *. . < j,,, we will haue j,, > il, ‘dl; 
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(ii) if u1 < 2~2 < . * . < ui is an ordenl sequence of indices in { 1,2, . . . k} 
andjl,j2,...,jr aresuchthatjl>i,, for1=1,2,...,~, thenjl>il 
Vl. 
PROOF. (i): It suffices to Show that by exchanging two consecutive 
elements of the filling set, the Order is preserved. Suppose j and j’ are 
two filling elements corresponding to i and i’ respectively, such that i < j, 
i’ < j’, i < i’, but j > j’. Then we have i’ < j’ < j and i < i’ < j’. 
(ii): We have Um 2 1, which implies j, > i,, 2 il. 0 
PROPOSITION. Cuppose B = iii2 . . . ik is a starting block of a minimal 
tmde 
T* = (il - ji). . . (it+1 - jt+l)it+z. . . ik 
such that ii C i2 < . . . < ik, jl > ii, 1 = 1,2,. . . , t + 1, and r(B) = r. Then 
every block in T* has mnk not greater than r. 
PROOF. Let B’ = y1 . . . yt+lit+2 . . . ik be a block in T’ such that yl E 
{ii, jl} and T(P) = r’ > r. Suppose fill(B’) = {z1,22, . . . , ,+}; it follows 
from the above lemma that this set tan be ordered. Also suppose that 
yl = ii, 1 = i! + 2,. . . , k. Clearly we have yl 2 iz, 1 = 1,2,. . . , k. Therefore 
we tan find two.ordered sequences (~1, UZ,. . . , u+} and {VI, ‘UZ,. . . , IJ+} in 
{1,2,. . . , k) such that z,,, > y,,, 2 i,,. Now by the above lemma, one tan 
Order {z,~,z~~, . . * , &J,, } in such a way that zl > il, 1 = 1,2,. . . , T’. This 
contradicts the Statement of Lemma 3 of Section 5. 0 
8. FINAL NOTE 
Now we Order the elements of &(x) with respect to their ranks, i.e., 
for Bl, B2 E %(x), 
r(B1) > r(B2) =+ Bl < Bz, 
and if r(&) = T-(Bz), then we Order Bl and Bz lexicographically. Based 
on this ordering, the starting blocks tan be partitioned into k - t classes, 
f3 t+1,.-.> &, such that & = {B E pk(x) 1 r(B) = ?-}. Now to every 
B = iIiz.. . ik E &, for every s E {t, . . . , T - l}, we tan associate a s-(v, k) 
minimal trade 
T;I = (il - jl). . . (i,+l - js+l)is+a . . . ik, 
where j, > ii, 1 = 1,2,. . . , s -t- 1. This gives us a large family of triangular 
bases of minimal trades. Note that KA and Frank1 bases are members of 
this family. We cal1 this set of bases the family of universal triangular bases. 
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